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Abstract We introduce p-convexity, a new kind of game convexity defined on a
o-algebra of a nonatomic finite measure space. We show that p-convex games are
u-average monotone. Moreover, we show that ju-average monotone games are totally
balanced and their core contains a nonatomic finite signed measure. We apply the
results to the problem of partitioning a measurable space among a finite number of
individuals. For this problem, we extend some results known for the case of individu-
als’ preferences that are representable by nonatomic probability measures to the more
general case of nonadditive representations.
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1 Introduction

One of the most fundamental solution concepts of cooperative transferable utility (TU)
games is the core, defined as the set of feasible payoffs upon which no coalition can
improve. It is well known, for instance, that for TU games with a finite number of
players, the nonemptiness of the core is equivalent to the balancedness of the game
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(see Bondareva 1963; Shapley 1967) and that the supermodularity (convexity) of the
game implies its total balancedness and exactness (see Kelley 1959; Shapley 1971).

One can extend this classical result for games with a finite number of players to
TU games with a countably or uncountably infinite number of players. It turns out
that sound models of games with an infinite number of players cannot permit the for-
mation of arbitrary coalitions and that considerations of measure theory will play an
important role. In the uncountable case, TU games are usually defined on a o -algebra
of subsets of a set of players, and the elements in their core are finitely additive signed
measures of bounded variation. Such games have been considered by many studies;
see, for example, Aumann and Shapley (1974), Delbaen (1974), Kannai (1969, 1992),
Marinacci and Montrucchio (2003, 2004), Schmeidler (1972).

In this paper, we use the notion of the convex combination of measurable sets pro-
posed by Sagara and Vlach (2009, 2010a,b) to introduce a new kind of convexity,
u-convexity, of games defined on a o-algebra of a nonatomic finite measure space.
The convexity of games introduced here inherently differs from the supermodularity
of games, but, on the other hand, it is closely related to the average monotone games
with a finite number of players proposed by Izqueirdo and Rafels (2001). We show
that pu-convex games are p-average monotone and that p-average monotone games
are totally balanced while their core contains a nonatomic finite signed measure.

We apply these results to the classical problem of partitioning a measurable space
among a finite number of individuals along the lines of Dubins and Spanier (1961). We
extend the situation where a nonatomic probability measure represents individuals’
preferences to the more general situation where they are represented by a nonadditive
measure. We show that Pareto optimal «-fair partitions exist if each individual i pos-
sesses nonadditive preferences that can be represented by a p;-average anti-monotone
function.

Moreover, we investigate cooperative games in an exchange economy where the
initial individual endowments form a partition of a measurable space. The game stud-
ied here is a variant of a market game with a finite dimensional commodity space along
the lines of Shapley and Shubik (1969) and allows individuals to form coalitions in the
fair division problem. Under the assumption that the utility function of each individual
i is pj-concave, we show the existence of core stable partitions with nontransferable
utility (NTU) and the existence of core stable partitions with transferable utility (TU).

2 A new class of convex games on o -algebras
2.1 Convex combinations of measurable sets

Let .# be a o-algebra of subsets of a nonempty set 2. A measure p is said to be
nonatomic if every set A € % with u(A) > 0 includes a set E € .# such that
0 < u(E) < u(A).

Let (22, .%, u) be a nonatomic finite measure space. It follows from the convexity
of the range of a nonatomic finite measure that, for every A € .% and o € [0, u(A)],
there exists some E C A satisfying u(E) = «. Further, for every B € % and
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B € [u(B), ()], there exists some F € .%# with B C F such that u(F) = B (see
Halmos 1950, Section 41(2) and (3)).

Let A € .Z and t € [0, 1] be arbitrarily given, and let %, (A) denote the family
of measurable subsets of A defined by

M (A) ={E € .F | w(E) = tu(A), E C A

The nonatomicity of p implies that .#;"(A) is nonempty for every A € .# and
t € [0, 1]. Note that E € %" (A)ifandonlyif A\ E € %/lﬁz(A)’ and that ©(A) = 0if
and only if #;" (A) contains the empty set forevery ¢ € [0, 1]. Denote with .#;" (A, B)
the family of sets C € .% such that C is the union of some disjoint sets E € %" (A)
and F € 4" (B).

We shall need the following special case of a more general result on convex com-
binations of measurable sets for R”-valued nonatomic finite measures, see Sagara and
Vlach (2010b, Theorem 2.1).

Theorem 2.1 .%;" (A, B) is nonempty for every A, B € . and t € [0, 1].

2.2 u-Convex and p-average monotone games
A real-valued function v on .% satisfying v() = 0is called a game; v is supermodular
(or convex) if v(A)+v(B) < v(AUB)+v(ANB) forevery A, B € .%; v is bounded
if sup ez [v(A)]| < o0.
Definition 2.1 A game v is

(1) p-quasiconvexif A, B € % andt € [0, 1] imply

v(C) < max{v(A), v(B)} forevery C € Jf,“(A, B)

(resp. u-quasiconcave if —v is [L-quasiconvex);
(i) p-convexif A, B € % andt € [0, 1] imply

v(C) <tv(A)+ (1 —t)v(B) forevery C € %/ZM(A, B)

(resp. u-concave if —v is p-convex).

The notion of ;1-(quasi)convexity has recently been introduced by Sagara and Vlach
(2009, 2010a,b). The definition bears an obvious resemblance to the definition of
(quasi)convex functions on real vector spaces.

Definition 2.2 A game v is p-average monotone if v(A)u(B) < v(B)u(A) for

every A, B € % with A C B (resp. u-average anti-monotone if —v is p-average
monotone).
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The notion of average monotonicity was introduced by Izqueirdo and Rafels (2001)
for games where 2 is a finite set and .% is the algebra of all subsets of 2. The definition
may be written as:

v(A) _ v(B)
n(A) = n(B)

forevery A, B € % with A C B

whenever 1(A) > 0. This states that the average worth of a coalition with respect to
the contribution of its players should grow as the coalition increases.

In this paper, we shall be concerned with p-average monotonicity for nonatomic
case, but it is worth noticing that the presented definition is valid for finitely additive
measures and requires neither nonatomicity nor countable additivity of w.

Example 2.1 Let ¢ be a real-valued function on the range of a nonatomic finite mea-
sure ;1 with ¢(0) = 0. Define the game v, on .% by v, = ¢ o u. Then the following
conditions are equivalent: (i) ¢ is convex; (ii) v, is p-convex. If, moreover, ¢ is
continuous, then the above conditions are equivalent to (iii) v, is supermodular.

(i) = (ii): Because C € %" (A, B) implies u(C) = tuu(A) + (1 — t)u(B), if ¢ is
convex, then, for every C € %“(A, B) and t € [0, 1], we have:

Vu(C) = @(t(A) + (1 = )u(B)) = tp(u(A)) + (I — )e(n(B))
= tvy(A) + (1 — Hvy(B).

(i) = (i): Suppose that the function ¢ is such that the game v, is p-convex. Choose
x,y € [0, u(2)] and ¢ € [0, 1] arbitrarily. By the nonatomicity of u, there exist A
and B in .% such that £(A) = x and w(B) = y. Then, by Theorem 2.1, there exist
E € " (A) and F € /" (B) such that E N F = (). We then have:

ptx + (1 =0)y) = pu(A) + (1 —1)u(B)) = ¢(u(E) + u(F)) = v,(EU F)
< 10, (A) + (1 = )vy(B) = 19(x) + (1 = N)e(y).

(iii) < (i): Note that the continuous function ¢ is convex if and only if ¢ has
increasing differences; that is, x,y € [0, u(Q)], x < y, x4+ 2z,y +z € [0, u(Q)]
and z > 0 imply ¢(x + z) — ¢(x) < @(y + 2) — @(¥). The supermodularity of v,, is
equivalent to that vy, has increasing differences in the sense that v, (AU E) —vy(A) <
Vy(B U E) — v,(B) for every A, B,E € % with A C Band BN E = {J (see,
for a proof, Marinacci and Montrucchio 2004, Proposition 4.15). Thus, by using the
nonatomicity of p, it is easy to see that ¢ has increasing differences if and only if v,
is supermodular.

2.3 Relationships between classes of games
Denote by 'y, (22, %), T&(22, ) and FSC(Q, .F) respectively the space of ji-aver-

age monotone games, the space of p-convex games and the space of u-quasiconvex
games on a measurable space (2, 7).
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Theorem 2.2 Fg(Q, F) C FZM(Q, F)N FSC(Q, F) for every nonatomic finite
measure [L on ..

Proof To prove the required inclusion, it suffices to show only that p-convex games
are u-average monotone because p-convex games are obviously p-quasiconvex. Let
v be a pu-convex game. Choose A, B € .# arbitrarily such that A C B. If u(B) =0,
then v(A)u(B) = v(B)u(A) = 0 is trivially true. If u(B) > 0, we can define
t = % € [0, 1]. Because v(#) = 0 and A € ,%/t“(B, #), we have v(A) < tv(B) +
(1 —t)v(@) = tv(B) by the u-convexity of v, which yields v(A)u(B) < v(B)u(A).

To show that the inclusion is proper, consider the function ¢ defined on the range
of u by

if0 < x < (),

px) = 2x — Lu(@)  otherwise.

Then ¢ is average monotone in the sense that ‘pix) is nondecreasing, and quasicon-

vex. Hence, v, is p-average monotone and p-quasiconvex. To show that vy, is not
u-convex, choose x = %M(Q) and y = %M(Q) andt = 1. By the nonatomicity of
W, there exist A, B, C in .% such that x = u(A), y = u(B),C € Ji’l’/‘z(A, B) and

u(C) = %M(Q). By simple calculation, vy(A) = 0 and v, (B) = %/L(Q). We then
have

1 3 1 1
0, (C) = Zu(Q) > Zu(Q) = S (A) + S0, (B).

Therefore, vy, is not j1-convex. O

Independence of -quasiconvexity and p-average monotonicity The following
examples show that FXM(Q, &) and FSC(Q, F) are not contained in each other.
Hence, -average monotonicity and u-quasiconvexity are independent concepts.

Example 2.2 The game v, defined by:
0 if0 <x < $u(Q),

o) =1{ Iu@ if Tu(Q) < x < 3u(Q),
X — %M(Q) otherwise

is ;t-quasiconvex, but not p-average monotone.

Example 2.3 Let (P1, P») be a partition of  with u(Py) > 0 and w(P>) > 0. Define
the game v by

v(A) = p(Ap(AN PHU(AN P).
Then v is obviously u-average monotone. Let A C P, and B C P; with u(A) > 0

and w(B) > 0. We then have v(A) =v(B) =0 by construction. Choose ¢t € (0, 1)
and C € %" (A, B) arbitrarily. Because C=E U F with E € %" (A) and F €
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%fl’it(B) by Theorem 2.1, we have v(C)=u(C)u(C N P)u(C N Py)=(tu(A) +
(1=tp(B)t(1 =) (A)u(B) > 0. This implies that max{v(A), v(B)} =0 < v(C),
and hence v cannot be p-quasiconvex.

It is not difficult to construct examples showing the independence of supermodu-
larity and p-quasiconvexity, and the independence of supermodularity and p-average
monotonicity. For instance, the game v defined in Example 2.3 is a supermodular game
that is not p-quasiconvex.

2.4 Total balancedness of p-average monotone games

For a given element A € %, let 74 = {E N A | E € %} be the sub-o-algebra of %
restricted to A. A game vy on %4 is a subgame of v if it is of the form v4 (E) = v(E)
for E C Awith E € .%.

We denote by ba(2, .7) the space of finitely additive signed measures on .% with
bounded variation. A feasible payoff of a game v is an element X in ba(2, .7 ) satisfying
A(2) = v(R2). The core of a game v is defined by:

CW) ={r€ba(2, )| v <iand L(Q) = v(Q)},

that is, the core is the set of feasible payoffs upon which no coalition can improve.

Definition 2.3 A game v is:

(1) balanced if Z?: 1 & v(A;)<v(L2) for every nonnegative real numbers g, . . . , oy,
and sets Aq, ..., A, in .Z satisfying Z?:l aixA; = xq, where x4, is the char-
acteristic function of A;;

(i) totally balanced if every subgame of v is balanced.

A bounded game has a nonempty core if and only if it is balanced (see Marinacci
and Montrucchio 2004; Schmeidler 1972).

Theorem 2.3 (i) A w-average monotone game is totally balanced.
(ii) For every j-average monotone game v, the nonatomic finite signed measure iy
given by p, = l%,u is in the core of v.

Proof (i) Let v be a pu-average monotone game. Let oy, ..., o, be nonnegative real
numbers and choose Ay, ..., A, in .Z suchthat >/ aixa, = xo- As v(A)u(Q) <
v(Q)u(A) for every A € F, we obtain > !'_, ojv(A;) < Z((SSZZ)) > aipn(A) =

v(£2), and hence v is balanced. Because every subgame of v 1s obviously p-average
monotone, it is also balanced. Therefore, v is totally balanced.

(ii) Given that 1, dominates v by the above argument and because 11, (2) = v(£2),
it is sufficient to show that 1, belongs to ba(2, .%). This follows from the fact that the
total variation of 1, is bounded by 2|u, (£2)| (see Dunford and Schwartz 1958, Lemma
II1.1.5). O

Let 't (L2, %) be the space of totally balanced games on (2, .%).
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Corollary 2.1 F’é(Q, F) C FZM(Q, F) C I'tg(R, F) for every nonatomic finite
measure space (2, F, |).

One may expect that p-quasiconvex games have nonempty cores. However, this is
not the case as the following example shows.

Example 2.4 Define the game v by:

=1 if p(A) = n(€),

v(4) = [O otherwise.
Let A,B ¢ #,C € #"(A,B) and t € [0, 1] be arbitrarily given. If w(A)
= u(B) = n(), then u(C) = tu(Ad) + (I — H)yu(B) = w(2), and hence
v(C) = max{v(A),v(B)} = —1.If u(A) < () or u(B) < (), then
v(C) <0 = max{v(A), v(B)}. Therefore, v is p-quasiconvex.

Suppose that there exists an element A € ba(2, .%) that belongs to the core of
v. Take any Ae.# with 0 < u(A) < w(2). Then A(A) > 0 and A(R2\A) > 0 by
the construction of v. On the other hand, —1 = A(2) = A(A) + A(RQ\A) > 0, a
contradiction.

3 Partitioning of a measurable space
3.1 Pareto optimal a-fair partitions

There are n individuals, each of whom is indexed by i = 1, ..., n. Each individual’s
preferences on .% are given by a set function v; : .% — R, called a utility function,
in terms of which the inequality v; (A) > v; (B) means that individual i prefers A to
B or is indifferent between A and B. A set function v; is normalized if 0 < v; < 1,
v; (@) = 0and v; () = 1.

Measures (i1, ..., ity are mutually absolutely continuous if j1j(A) = 0 for some
j with A € .% implies u;(A) =0 foreachi =1,...,n.

A partition of Q is an n-tuple of disjoint sets in .% whose union is Q. We denote
the set of partitions of by ?".

Let A"~! denote the (n — 1)-dimensional unit simplex in R”; that is:

n

zaizlandaizo, i:l,...,n].

i=1

AT = [(al,...,otn) e R"

A generic element in A"~ ! is denoted by o = (a1, . .., ay).
For nonnegative set functions vy, . . ., v,, we define the utility possibility set V' by:
A(Ay, ..., Ay) e P2
no__ n
Vi = [(xl"“’x”) Flo<x <uw@p i=t...nf
Definition 3.1 Let vy, ..., v, be normalized set functions. A partition (A, ..., Ay)
of Qis:
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(1) a-fairif v;(A;) > a; foreachi =1,...,n;
(ii) Pareto optimal if there exists no partition (B, ..., By) of € such that v; (A;) <
v;(B;) foreachi =1,...,nand v;(A;) < v;(B;) for some ;.

The following weaker notion of the strict monotonicity and continuity from below
for set functions on .% was proposed by Sagara (2008).

Definition 3.2 A set function v : . % — Ris:

(i) monotone if v(A) < v(B) forevery A, B € .% with A C B;
(ii) strictly p-monotone if v(A) < v(B) for every A, B € .% with A C B and
w(A) < u(B).

Definition 3.3 A set function v is u-continuous from below if v(AY) — v(A) for
every sequence {A"} in .% and element A € .# with A! ¢ A> ¢ --- C A and

u(A\UpZ, A”) =0.

It is clear that monotonicity, p-strict monotonicity and p-continuity from below
are automatically satisfied whenever v = .

Theorem 3.1 Let w1, ..., 1, be nonatomic probability measures that are mutually
absolutely continuous and let vy, .. ., v, be normalized set functions that are mono-
tone, |;-continuous from below and ji;-average anti-monotone foreachi =1, ..., n.
If some v; is strictly p;-monotone and V] is closed, then for every (ay, ..., ay) €
A" there exists a Pareto optimal a-fair partition.

Proof Note that for every («q, ..., ®,) € A" there exists a partition (Ay, ..., A,)
of €2 such that u; (A;) > «; for each i (see Dubins and Spanier 1961). Because —v; is
a pj-average monotone game, we have —v; < (u;)—,; by Theorem 2.3, which yields
v; > u; for each i. As a result, solutions to the following maximization problem:

max x
st.x;>o;, i=1,...,n
(X1, ..., x5) € VI (Pg)

exist for every @ € A"~! by the compactness of V. Here, we assume without loss of
generality that vy is strictly p1-monotone.

Take any solution (xi, ..., x,) to the problem (Py). Then there exists a parti-
tion (Ay, ..., A,) of @ such that v;(A;) > «; for each i. It suffices to show that
(A1, ..., A,) is Pareto optimal. Suppose to the contrary that there exists a partition
(B1, ..., By) of Q such that v;(A;) < v;(B;) for eachi and v;j(A;) < v;(B;) for
some j.If j = 1, then x; < v1(A1) < v1(B1), which obviously violates the fact that
(x1, ..., xy) is a solution to (P). Thus, we shall investigate the case for j # 1.

Asvj is u j-continuous from below and 1 ; is nonatomic, there exists a measurable
subset F of Bj suchthatv;(A;) < v;(B;\F)and u;(F) > 0. By the mutual absolute
continuity of each u;, we have u; (F') > 0 for each i. Define a partition (Cy, ..., Cy)
of Qby C; = BiUF,Cj = Bj\ Fand C; = B; fori # 1, j. The strict j£1-mono-
tonicity of vy implies that 1 < x1 < v1(A1) < v1(B1) < v1(Cy), which contradicts
the fact that (x1, ..., x;) is a solution to (P,) in view of v; (C;) > «; foreachi. 0O
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Some remarks are in order.

To derive Pareto optimality in Theorem 3.1, it suffices to impose strict p;-mono-
tonicity at least on one individual’s utility function. This requirement is not needed
whenever v; = u; for some i, in which case strict ;;-monotonicity is automatically
satisfied for such individual.

Note that if each v; is a nonatomic probability measure, then the theorem of Dvoret-
sky etal. (1951), a variant of Lyapunov’s convexity theorem, guarantees the convexity
and compactness of V (see Sagara 2006). In this case, the assumptions in Theorem 3.1
impose nothing on v; and V3. Therefore, Theorem 3.1 is an extension of the classi-
cal result of Dubins and Spanier (1961). In particular, the introduction of u;-average
anti-monotonicity is novel in the literature.

Dall’ Aglio and Maccheroni (2005) and Maccheroni and Marinacci (2003) obtained
the existence of «-fair partitions under nonatomic submodular capacities. For a char-
acterization of other solution concepts regarding efficiency and fairness, see Sagara
(2008, 2010).

3.2 Core stable partitions with NTU

Denote by N = {1, ..., n} the finite set of individuals. A nonempty subset of N is
called a coalition. We denote the collection of coalitions by .4". Let (21, ..., ©2,) be
an initial partition of Q in which individual i is endowed with a measurable subset
Q; of Q. A partition (A1, ..., A,) of Qis an S-partition if | J;cg Ai = U;cg Qi for
coalition S.

As we no longer assume the nonnegative of vy, ..., v, in the sequel, the utility
possibility set under consideration becomes:

no_ 2 3(AL, ... Ay) € P
\% _[(xl,...,xn)eR <A =1l

Definition 3.4 A coalition S with NTU improves upon a partition (Ay, ..., A,) if
there exists an S-partition (By, ..., By) such that:

v;i(A;) < v;j(B;) foreachi € S.

A partition that cannot be improved upon by any coalition with NTU is a core stable
partition with NTU.

The market game V : A — 2R" with NTU corresponding to the exchange econ-
omy is given by:

V(S) = {(x1,...,x,) € R" | 3S-partition (A1, ..., Ay) : x; < vi(A;) Vi € S}

Lemma 3.1 Let u1, ..., Uy be nonatomic finite measures. If v; is ui-concave for
eachi =1,...,n, then V" is convex in R".
Proof Take x = (x1,...,x,) and y=(y1, ..., y,) in V* and r€(0, 1) arbitrarily. Let

(A1,...,Ay,) and (By, ..., B,) be partitions satisfying x; <v;(A;) and y; < v;(B;)
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for each i. By Sagara and Vlach (2010a, Theorem 2.2), there exists a partition

(Cy,...,Cy) such that C; € Jij‘” (A;, B;) for each i. The u;-concavity of v; im-
plies that rx; + (1 — #)y; < tv;(A;) + (1 — t)v;(B;) < v;(C;) for each i. Therefore,
tx+ (1 —t)yeV O
Theorem 3.2 Let 1, ..., 1, be nonatomic finite measures. If v; is bounded and
wi-concave for eachi = 1,...,n and V" is closed, then there exists a core stable
partition with NTU.

Proof Define the n-person game V : A~ — 2R" with NTU by:

V(S) ={(x1,....x) € R" | A(Ay, ..., Ap) € P" : x; < vi(A;) Vi € S).
Then V is an extension of V' in the sense that V (S) C V(S) for every § € A and
V(N) = V(N) = V. We show that the core of V, denoted by (V') and defined by:

EV)={(x1,...,xp) € V(N) |AS € ¥ Ay € V(S):x; < yi Vi € S},

is nonempty.

It is easy to see that each V(S) is comprehensive from below, i.e., x < y and
y e V(S)imply x € V(S); x € R", y € V(S) and x; = y; for each i € S imply
X € \7(5); each V(S) satisfies the following condition: for each § € .4 there exists
a constant M such that x; < My for every x € V(S) andi € S.

We also show that V is a balanced game. To this end, let 2 be a balanced family
of .4 with balanced weights (A5 > 0| S € B} andlet B; = {S e # |i € S}). We
then have > ¢ 5. A5 =1foreachi = 1,...,n. Define:

1 ifS e 1
S _ is s_ b S,
Xii = [0 otherwise and 77 = n %)\ Xi -
S

We then have:

PIEFDIDUIETDIDIELE

Se# SeBieN iEN SeH;

Choose any x = (x1,...,X,) € [gex V(S). Then for every S € 4, there
exists a partition (AS, e, A,f) such that x; < vi(Al.S) for each i € S. As x5 =
(vl(Af), cee, vn(A,f)) belongs to V" for every S € #, wehave y = D ¢_» 5x% e
V" because V" is convex by Lemma 3.1. Since x < y by construction, there exists
a partition (Ay, ..., A,) such that x; < y; < v;(A;) foreachi = 1,...,n, which
implies (xq,...,x,) € V (N). Therefore, Nsex V(S) C V(N), and consequently 1%
is balanced.

We next show that V (S) is closed for every S € 4. To this end, let {x"} be a
sequence in V(S) converging to x € R". Then there exists a partition (Af, LAY
suchthatx;” < v;(A}) foreachi € Sand v. Define the vector y” = (y/, ..., y,) € R"
by y/ = x/ fori € S and y; = v;(A}) fori ¢ S. By construction, we have y” € V"
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for each v. Given {v;(A})} is a bounded sequence in R for each i = 1,...,n, the
sequence {y"} contains a convergent subsequence with the limit y € R". By the clo-
sedness of V", we have y € V. This implies that there exists a partition (Ay, ..., A,)

such that y; < v;(A;) foreachi = 1,...,n,and hence y € \7(S). Given y; = x; for
i € S, we obtain x € V(S). Therefore, V (S) is closed.

Because the balanced game V obviously satisfies sufficient conditions guaran-
teeing the nonemptiness of the core of V (see Scarf 1967), we can select an element
(xX1,...,xp)1n %(‘7). Then there exists a partition (A1, ..., A,) suchthatx; < v;(A;)
foreachi = 1, ..., n. Suppose that (Ay, ..., A,) is not a core stable partition with
NTU. Then there exists an S-partition (By, ..., By) such that v;(A;) < v;(B;) for
each i € S. We then have (v{(By), ..., v,(By,)) € V(S) and x; < v;(B;) for each
i € S, which contradicts the fact that (xq, ..., x;) is in <5(\7) O.

Theorem 3.2 is a partial generalization of the result in Hiisseinov (2008) and Sagara
(2006), who imposed the requirement that each v; is a quasiconcave continuous trans-
formation of a nonatomic finite measure of the form v; = ¢; o ;. In such a case, V"
is automatically closed and bounded from above. In particular, if ¢; is continuous and
concave on the range of 1;, then v; is bounded and p;-concave (see Example 2.1).

3.3 Core stable partitions with TU

Definition 3.5 A coalition S with TU improves upon a partition (Ay, ..., A,) if there
exists an S-partition (By, ..., B,) such that:

> vi(A) < D vi(B)).

ieS ieS

A partition that cannot be improved upon by any coalition with TU is a core stable
partition with TU.

The market game w : .4~ — R with TU corresponding to the exchange economy
is given by:

w(S) = max{x(S) | x € V(S5)},

where x(§) = > ;cgxi forx = (x1,...,x,) € R".

Theorem 3.3 Let (1, ..., 1, be nonatomic finite measures. If v; is bounded and
wi-concave for eachi = 1,...,n and V" is closed, then there exists a core stable
partition with TU.

Proof Define the n-person game w : .4~ — R with TU by
w(S) = max{x(S) | x € V"}.

Then w is an extension of w in the sense that w(S) < w(S) for every S € .4 and
w(N) = w(N). As V" is closed and bounded from above, the maximum is indeed
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attained for every § € 4. The core of the n-person game w, denoted by % (w), is
defined by:

W) ={x eR"| W) <x(S)VS € A4 and x(N) = w(N)}.

We show that i is totally balanced. Let 2 be a balanced family of .4 and {¢° |
S € A} be the weights defined in the proof of Theorem 3.2. Then for every S € 4,
there exists a partition (AS, cey A;f) such that ZieS v; (Ais) = w(S). Define x; =
S septSvi(AS) foreachi = 1,...,n. As (vi(A}), ..., va(A})) € V", we have
(x1,...,x,) € V' by Lemma 3.1. We then have:

BN) = x(N) =D > Svi(A)) =D }l DD A

ieN ScAB ieN SeABieN
S T = 3T wah = 3 Aas)
SeBieN SeA ieS N

Therefore, w is balanced. It is evident from this argument that every subgame wr on
2T of @ of the form w7 (S) = w(S) for § C T is balanced. Consequently, 1 is totally
balanced.

By the theorem of Bondareva—Shapley (see Bondareva 1963; Shapley 1967),

there exists some (xq,...,x,) € €(w). Let (Ay, ..., A,) be a partition such that
ZieN v; (A;) = w(N). Suppose that (Aq, ..., A,) is not a core stable partition with
TU. For some coalition S and some S-partition (By, ..., B,), we have:

D vilA) < D vi(B) < W(S) < x(S).

ieS ieS
Because,

D ui(A) S DN\ S) <x(N\S),

ieN\S

summing these inequalities in view of x (N) = w(N) yields

xX(N) = D" vi(A) < x(N),
ieN
which is a contradiction. |

Theorem 3.3 is an extension of the result in Legut (1986) and Sagara (2006) who
assumed that each v; is a concave continuous transformation of a nonatomic finite
measure. Legut (1985) proved the existence of core stable partitions with TU for the
countable number of individuals with a nonatomic finite measure.
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4 Concluding remarks

We have shown in Theorem 2.2 that p-convex games are p-average monotone games
and in Theorem 2.3 that the nonatomic finite signed measure w, is in the core of a
game v if v is pu-convex. Because u, is just a possible element in the core, there is
likely to exist other elements in the core that are unrelated to the nonatomic finite
measure i. A characterization of the core of a -convex game is an interesting issue.

Another open problem is the coincidence of the core with the bargaining set for
a pu-convex game. For the case of a finite number of players, Izqueirdo and Rafels
(2001) demonstrated that the core coincides with the bargaining set for every average
monotone game. For the case of an infinite number of players, the counterpart remains
unsolved; it seems to be a difficult problem.

A limitation of our notion of w-convexity might be seen from the observation that
it requires nonatomicity of w in its definition and is not valid for measures on finite
sets, unlike p-average monotonicity. A suitable definition of p-convexity on finite
sets should be explored to extend the applicability.
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